We study the fuzzy structure of the general Kähler coset space G/S ⊗ U (1) k deformed by the Fedosov formalism. It is shown that the Killing potentials satisfy the fuzzy algebrae working in the Darboux coordinates.
The concept of non-commutative space-time is age-old in physics, for smooth spacetime is expected to get modified at the planck scale due to quantum corrections. The discovery of noncommutativity of space-time in the M-theory and the string theory shed new light on this old theme [1] . It attracted much attention and began to be studied with more concrete motivations. The foundation of the study got firm owing to works by many people. (See, for instance, [2] for the recent review and references therein.) Non-commutativity in curved space-time is a much involved subject in contrast with that in flat space-time. There we expect to uncover rich physical structures due to noncommutative geometry. One of the methods to explore non-commutative geometry is quantum deformation of manifolds. For the symplectic manifold Fedosov gave a general formalism to this end [3] . It provides a definite way to make quantum deformation of manifolds and to define an associative non-commutative ⋆ product on deformed manifolds.
In refs [4, 5] we have studied the fuzzy algebrae for the Kähler coset space G/H deformed by the Fedosov formalism. In ref. [4] it was shown that the Killing potentials [6, 7] satisfy in the holomorphic coordinates the fuzzy algebrae
when the coset space is irreducible. The coefficients c 0 , c 1 , c 2 , · · · are numerical constants. In ref. [5] we found these coefficients as c i = 0 for i ≥ 3, if we work in a particular set of the Darboux coordinates. In this letter we will show that this finding in ref. [5] is true for the general Kähler coset space which is not necessarily irreducible. The irreducibility of the Kähler coset space was essential for the demonstration in ref. [5] . To generalize it we have to endeaver a new strategy without recourse to the irreducibility.
We shall start with a brief summary on the general Kähler coset space [8, 9] . According to the the theorem by Borel[10] a coset space G/H is kählerian if the unbroken subgroup H is such that rank G = rank H and
We decompose the generators T A of G as
in which S I and Q µ are generators of the unbroken subgroups S and U(1)s' respectively, while X a broken generators. Let us define a central charge as
With a generic choice of the real coefficients v µ all the broken generators X a have nonvanishing Y -charges. Then they can be split into two parts: generators X i with positive charge and X i with negative charge such that
with no sum over the indices i, i = 1, 2, · · · , N. Accordingly we further decompose the generators of G in (3) as
If the broken generators X i are in an irreducible representation under the unbroken subgroup S, then the Y -charges y i (v) are all the same. Otherwise X i are decomposed into irreducible sets, each of which may have a different Y -charge, due to the Schur's lemma. This argument defines the irreducibility of the Kähler coset space G/H. For the irreducible Kähler coset space G/H, the number of the U(1) generators Q µ is necessarily one, that is, Y ∝ Q. Then the group G satisfies the Lie-algebra in the form
For the general Kähler coset space the Lie-algebra does not take such a simple form.
We next summarize the geometrical properties which hold for the Kähler coset space in general [6] . The line-element is given by the metric of the type (1, 1):
The Kähler form
is closed. It implies that the metric g αβ is derived from a real Kähler potential K(z, z) as
Since the Kähler manifold is a coset space, there exists a set of holomorphic Killing vectors
They satisfy the Killing equation
. From this we may find a set of real Killing potentials M A (z, z) such that
By the Lie-variation with respect to R A the Killing potentials transform as the adjoint representation of G
On the other hand the Kähler potential transforms as
with some holomorphic functions F A (z) and their complex conjugatesF A (z).
The idea to investigate the fuzzy algebrae of the general Kähler coset space is to use the Killing potentials expressed in the form
or their complex conjugates [6] . This relation can be easily shown by integrating the second equation in (11) by z α and using the property (13) . Let us change the local coordinates (z α , z α ) to the ones given by (q α , p α )
Then the Kähler form (7) can be put in the form dω = dp α ∧ dq α .
Hence (q α , p α ) are the Darboux coordinates. In terms of them the Killing potentials (14) become
Here we explicitly wrote the arguments of R A and F A to make the fact evident that they are holomorphic in z. As has been discussed in ref. [5] , in the Darboux coordinates the Fedosov ⋆ product for the Kähler manifold locally reduces to
which is the Moyal product.
With the Moyal product (17) we now examine the fuzzy algebrae (1) and (2) . It is straightforward to show the first one:
by (11) and (12) . But the demonstration of the second one is not so simple. Indeed we have
If the Kähler coset space is irreducible, one can show that each piece in the right hand side is constant, having explicit formulae for M A and R A owing to the simple form of the Lie-algebra (6) . (See ref. [5] .) For the reducible Kähler coset space such formulae are not available. We have to look for a new tactics to show that the right hand side of (18) is really constant. We have recourse to the theorem: if a real function f (z, z) is invariant by the Lie differentiation
f should be constant. It can be shown as follows. (19) implies that iR Aα f ,α are real. Such a real function f can not be other than constant, because R Aα are holomorhic and non-linear functions in z α . By using this theorem we have
We then find that 0 = {(M
This is a proper identity relation of the holomorphic Killing vectors of the general Kähler coset space. Using this identity relation and the Killing equation (10) we manipulate the second term of (18):
This implies that the holomorphic quantity R Aα ,β R Aβ ,α is real, so that it should be constant. Thus our claim has been shown.
It is instructive to concretize our arguments for the reducible Kähler coset space SU(3)/U (1) 2 . We take the Lie-algebrae of SU(3) in the form
by identifying the generators
Then we find the Killing vectors as
which satisfy the relation (9). The Kähler potential can be calculated according to ref.
ref. [8] :
with
)),
).
Here u and u ′ are arbitrary constants which determine the value of the metric at the origin of the manifold. For this Kähler potential the holomorphic functions F A (z) in (13) are given by
which satisfy the Lie-algebrae (12) and
It is easy to verify the fuzzy algebrae (1) and (2) with the c i = 0 for i ≥ 3 by rewriting the Killing potentials as (16) with the Darboux coordinates.
To conclude this letter we give an example for a non-commutative field theory which exhibits the fuzzy structure of the reducible Kähler coset space, but not through the quantum deformation discussed here. It is the boundary WZW model on a group manifold G [11, 12] , which is subject to the gluing condition
at z = z. This condition forces the string end g| z=z to stay on a conjugacy class of an
It describes D-branes in the group manifold G. Without loosing the generality one may take h as being made only of the Cartan generators, i.e., h = exp(iθ · H). Then there is an invariant subgroup H such that
In other words the gluing condition (20) breaks the group symmetry G into H with a given h. The conjugacy class C(h) describing D-branes is described by coset spaces G/H. For G = SU(3) we have SU(3)/SU(2) ⊗ U(1) and SU(3)/U(1) 2 as non-trivial conjugate classes. The latter is an example of the reducible Kähler coset space which was of main interst in this letter. We have shown the fuzzy structure of the general Kähler coset space by studying quantum deformation of the coset space. But it can be shown on D-branes of the boundary WZW model in the semi-classical limit where the level k of the model tends to ∞ [11] . In ref. [13] it was analyzed at quantum level as well.
The fuzzy homogeneous space G/H was also found in the Matrix Model in ref. [14] . It is described by using matrices of a finite representation of G, which satisfy the equation of motion of the Matrix model. A non-commutative field theory appears by considering fluctuations around this configuation. If the fuzzy homogeneous space G/H is kählerian, by taking the large limit of the matrix size, one can see that the symplectic structure of the matrix description would reduce to the one of the Kähler coset space with the Darboux coordinates. In this limit the fuzzy algebrae are the same as the one we have derived in this letter.
The fuzzy structure may be found also for the hyperkähler manifold. For instance, the one with Eguchi-Hanson metric is characterized by the Kähler potential
with ρ 2 = |z 1 | 2 + |z 2 | 2 . Obviously the manifold has the isometry U(2) given by the holomorphic Killing vectors
where T A are the U(2) generators in the fundamental representation. Our arguments from (7) to (16) go through. Namely the Killing potentials take the forms
(Note that F A = 0 in this case.) With the ⋆ product (17) we find the fuzzy algebra (1). But the isometry U(2) is merely realized linearly as (21). The arguments which lead us to the formula M A M A = const for the generalized Kähler coset space are not applicable to this case. Indeed we have
Therefore the Killing potentials (22) do not satisfy the fuzzy algebra in the form (2).
